In this paper it is shown that for even, (5, )-MGDDs of type m n exists whenever the known necessary conditions are satisfied, with a finite number of exceptions.
Introduction
We assume that the reader is familiar with the basic concepts in design theory such as transversal design (TD), Latin square, resolvable design, etc. For general information and notations see [4] . Here we recall the definition of a GDD.
A GDD is a triple (X, G, B), which satisfies the following properties:
1. G is a partition of a set X (of points) into subsets called groups, 2. B is a family of subsets of X (called blocks) such that a group and a block contain at most one common point. 3 . Every pair of points from distinct groups occurs in exactly blocks.
The type of the GDD is the multiset {|G| : G ∈ G}. We shall use an "exponential" notation to describe group type: so type t u 1 1 t u 2 2 , . . . , t u s s denotes u 1 occurrences of t i , 1 i s in the multiset. We also use the notation GD(K, M : ) to denote the GDD when its block sizes set is K and group sizes set is M or (K, )-GDD when its group sizes are not specified.
If, for a GDD, K = {k}, M = {n}, = 1 and the group type is n k , then the GDD becomes a transversal design, denoted by TD(k, n). It is well known that the existence of a TD(k, n) is equivalent to the existence of (k − 2) MOLS of order n.
We also use incomplete GDDs (or IGDDs). A (K, ) incomplete GDD (or IGDD) with a hole H, and type (g, h) n is a quadruple (X, G, H, B), where X is a finite set of order gn, G = {G 1 , G 2 , . . . , G n } is a partition of X into g-subsets called groups and H ={H 1 , H 2 , . . . , H n } is a collection of h-subsets of X with the property that H i ⊂ G i for i =1, . . . , n. Also, B is a family of k-subsets of X, called blocks, such that any pair of distinct elements x and y appear in blocks unless they both belong to either the same G i or to S = n i=1 H i in which case they do not appear together in any blocks.
Now we give the definition of a modified group divisible design which was first introduced in [7] . Definition 1. Let X be a set of mn points where the points X are denoted as (x i , y j ), 0 i m − 1, 0 j n − 1. Let be a collection of subsets of X (called blocks), which satisfies the following conditions:
1. |B| = k for every block B ∈ ; 2. Each pair of points (x i 1 , y j 1 )(x i 2 , y j 2 ) with i 1 = i 2 and j 1 = j 2 is contained in exactly blocks. 3 . No pair of points (x i 1 , y j 1 ) and (x i 2 , y j 2 ) with i 1 = i 2 or j 1 = j 2 is contained in any block.
Then we call (X, ) a modified group divisible design and denote it by (k, The modified group divisible designs are motivated by the existence problem of resolvable group divisible designs and other constructions off designs. An application can be found in [8] . It has also been generalized in [17] . In [7] it is proved that the necessary conditions are sufficient when k = 3. However, when k = 4, these conditions are not sufficient. A counterexample is that an (4, 1)-MGDD of type 6 4 does not exist because there do not exist two mutually orthogonal Latin squares of order 6.
The following simple but useful lemma comes from the definition of MGDD.
Lemma 1.2. A (k, )-MGDD of type m n exists if and only if a (k, )-MGDD of type n m exists.
In this paper we are interested in ( Note that for any index , the minimum index for which the necessary conditions are the same as for is =gcd( , 20). Therefore in most cases, we only need to consider indices that divide 20. At the end of the paper, we look at a few MGDDs for other indices when no MGDD is known for the minimum possible index. Now let A = {11, [2] and [9] we have:
In Lemma 1.3 and throughout the rest of this paper, bold numbers indicate genuine exceptions.
Our main aim in this paper will be to prove the following theorem: 1. 6 n for n = 39 and 10 n for n ∈ {33, 39, 51, 87}.
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n for n ∈ {14, 18, 22, 24, 28, 32, 34} and 20 n for n = 33.
Constructions
In order to describe our recursive constructions we require the notion of pairwise balanced design (PBD Proof. From [19] , a (5, 1)-GDD of type 10 u exists for all odd u 5 except possibly for u ∈ {5, 7, 15, 23, 27, 33, 35, 39, 47, 63}. The case u=63 is solved in [11] by constructing a 5-GDD of type 90 7 and filling in its groups with a (5, 1)-GDD of type 10 9 . Hence if v = 10u or 10u + 1 and v = 231, 271, the required PBD is obtainable by filling in the groups of this GDD with 0 or 1 extra points.
For v = 231, 271, start with a TD(5, t) for t = 44, 54, respectively; then add 11 or 1 infinite points and form a (55, {5, 11}, 1)-PBD (which is obtainable from a TD(5, 11)) on each group plus the infinite points. In addition for v = 231 each of these PBDs should contain 1 block on the 11 infinite points; include this block only once.
A parallel class of a design is a set of blocks that partitions the point set. A design is called resolvable if its blocks can be partitioned into parallel classes. In the sequel we write RTD and RB with the appropriate parameters to denote a resolvable TD and resolvable BIBD. The existence of a RTD(k, m) is equivalent to the existence of a TD(k + 1, m). The following theorem can be found in [6] and references there in. The following result is also well known. We also make use of certain group divisible designs in our constructions. The next lemma gives some useful examples. Lemma 2.5 (Abel et al. [3, 5] and Bennet et al. [10] 
Here ∞ j will lie in the same row as the points from R j × M. The final design has groups
The above theorem can be generalized as follows: The proof is similar to that for the previous theorem. This time, we start with a (k, 1)-MGDD of type k u and inflate it using a (5, )-GDD of type m k . For the fill in process, we can then use a (5, 1)-MGDD of type (m + e) u (in the first case) or (m + e) k (in the second). The next lemma gives a couple of PBDs whose existence was mentioned in [4] , but were not given in references quoted within, such as [2, 9] . (4, 8) . Below are the required base blocks to be developed (mod 153). In the first three blocks, replace ∞ 0 by ∞ i for 0 i 8 when adding any value ≡ i (mod 9) to a block. For i = 9, 12, 15, . . . , 30 and 0 j 2, replace ∞ i by ∞ i+j when adding any value ≡ j (mod 3) to a base block. For an (89, {4, 6, 8})-PBD, over Z 3 × Z 27 ∪ {∞ 0 , ∞ 1 , . . . , ∞ 7 }, we develop the following blocks under the order 81 group generated by automorphisms T 1 , T 2 where for x ∈ Z 3 , y ∈ Z 27 , and 0 i 7,
. The required base blocks are given below; the third, fourth and eighth base blocks generate 27 blocks each and the others generate 81 each. Finally form a size 8 block on the infinite points.
Another notion that is used in this paper is incomplete pairwise balanced design (IPBD). An IPBD with index denoted by (v, K, )-IPBD(h) is a triple (X, H, A)
where X is a finite set of order v, H ⊂ X is a subset of X of order h and A is a collection of K-subsets of X, called blocks, such that 1. Each pair of distinct points x, y ∈ X in which at least one of x and y does not lie in H occurs in exactly blocks. 4. For v = 93, 113, the result is given in Theorem 2.1.
Then take the following blocks mod (−, 35): We conclude this section with a couple of new IGDDs, which will be helpful later in Lemma 3.7.
Lemma 2.14. There exist (5, 2)-IGDDs of type (g, 2) 6 for g ∈ {8, 10, 12}.
Proof. The point set for each of these designs will be Z 6(g−2) ∪ {∞ 0 , ∞ 1 , . . . , ∞ 11 }. Groups are of the form {i, i + 6, i + 12, . . . , 6(g − 3)} ∪ {∞ i , ∞ i+6 } for 0 i 5, and the hole is on the infinite point. Now develop the blocks below (mod 6(g − 2)); also replace ∞ 0 by ∞ i when adding any value ≡ i (mod 12) to a block. 
Existence results
We start by giving a number of direct constructions which were nearly all generated by computer. 10 , let X = Z 5 × (Z 9 ∪ {∞}). Groups are Z 5 × {z} for z ∈ (Z 9 ∪ {∞}), and rows are {y} × (Z 9 ∪ {∞}) for y ∈ Z 5 . Now develop the following blocks (mod (5, 9)) for t = 1, 8: Proof. For type 6 9 , let X = Z 6 × Z 9 , and develop the following blocks (mod (6, 9) ) for y = 1, 8: (2, 3y) , (3, 6y), (4, 2y)}, {(0, 0), (1, y), (2, 4y) , (3, 2y), (4, 6y)}.
For type 6 15 , let X = Z 6 × Z 15 , and develop the following blocks (mod (6, 15) ): (11, x) , (13, x 9 )}, {(0, 0), (1, x) , (3, x 14 ) , (8, x 13 ), (12, x 5 )}, (6, x 14 ) , (9, x 5 ), (12, x 11 )}. 
Proof. Let
In each case we give a number of base blocks. Multiply the first two and last one by (1, 1) only, and all others by (1, 1) and (1, −1) . In all cases, this gives a total of 3(g − 1) base blocks which should be developed (mod (−, 7g) ). Also, for 1 i g − 1, replace h 0 by h i when adding any value (0, y) with y ≡ i (mod g) to a block.
Below are the required base blocks: g = 8: Proof. In cases (1) and (2), we take X = (Z 19 ∪ {∞}) × GF (q), except that for q = 9, we use Z 9 instead of GF(9). We now give four initial base blocks of the form
For the MGDDs with index 1 in (1), we multiply the second components of all points in these base blocks by 1 and 8 (when q = 9), or by the (q − 1)/4 values x 4t : 0 t < (q − 1)/4 for other q where x a primitive element in GF(q). Develop the resulting q − 1 blocks (mod (19, q) For the MGDDs in (2), we proceed in the same manner, except that here, the second components of all base block points should be multiplied by the (q − 1)/2 values x 2t : 0 t < (q − 1)/2 for x a primitive element in GF(q). Below we give suitable values for a i , b i , c i , d i . Here, and in the next table for q = 27, x is a primitive element satisfying 
Proof. For type 16
q , let X = GF(16) × GF(q), let z be a primitive element of GF(16) satisfying z 4 = z + 1, and let x be a primitive element in GF(q). Also, let a 1 , a 2 , a 3 , a 4 , a 5 be any five distinct elements of GF(q). The required design is obtainable by developing the following 3(q − 1)/2 blocks over GF(16) × GF(q):
for i = 0, 1, 2 and y = x 2t , 0 t < (q − 1)/2. For type 6 q , let X = Z 6 × GF(q), and let x be a primitive element in GF(q). For each q there is an initial base block of the form { (0, a 1 ), (1, a 2 ), (2, a 3 ), (3, a 4 ), (4, a 5 )}. Multiply this block by (1, x 2t ) for 0 t (q − 3)/2. If the values a i are chosen so that the sets {a 2 − a 1 , a 3 − a 2 , a 4 − a 3 , a 5 − a 4 } and {a 3 − a 1 , a 4 − a 2 , a 5 − a 3 , a 1 − a 5 } both contain two quadratic residues and two quadratic nonresidues, then developing (q − 1)/2 base blocks mod (6, q) will produce the required design.
Suitable values a i are given in the next table. Here, and in the next two tables for q = 27, x is a primitive element satisfying x 3 = x 2 + 2x + 2. Proof. For t = 5, see Lemma 3.1 and for t = 6, 10, see Lemma 3.6. The result now follows by Lemma 2.7 with K = {5, 6} for t / ∈ B, where the set B was given in Lemma 1.3. For t = 11, 15, a (5, 1)-MGDD of type 7 t is given in [1] . For t = 16, 20, see Lemmas 3.6 and 3.5. For t = 35, 51, a (v, 5, 2) BIBD exists by Theorem 2.1; hence the result follows by Lemma 2.7.
For t = 50, and 80, a (50, {5, 6, 10}, 1)-PBD is obtainable by truncating one group of TD(6, 9) to size 4 and filling in the groups with an infinite point, while an (80, {5, 16}, 1)-PBD is obtainable from a TD (5, 16) . For these values, the result now follows from Lemma 2.7.
Finally, for t = 40, apply Theorem 2.10(2) with k = 7, u = 8, m = 5, e = 0 and = 2.
Lemma 3.9. There exists a (5, 2)-MGDD of type 9 t for all t ≡ 0 or 1 (mod 5), t 5.
Proof. We first point out that in [1] it was stated a (5, 1)-MGDD exists for t ≡ 0 (mod 20), but the proof was accidentally omitted for t > 100. However, these MGDDs are easy to obtain: for any such t, a (t, {5, 20}, 1)-PBD is obtained be filling in the groups of (5, 1)-GDD of type 20 t/20 (given in [19] ). Since (5, 19) , TD(9, 11), TD(5, 23) or TD (7, 17) . Using these and the (5, 2)-MGDDs of types 10 k for k ∈ {13} ∪ K, we can apply Lemma 2.7, to obtain a (5, 2)-MGDD of type 10 t . For all other odd values of t 5, there exists a (t, {5, 7, 9}, 1)-PBD [2] . Since we have (5, 2)-MGDDs of type 10 t for t = 5, 7, 9, the result follows from Lemma 2.7. [14] when t = 40. For t ∈ {15, 16, 35, 50, 80}, we instead delete one or zero points from a (v, 6, 2) BIBD with v ∈ {16, 36, 51, 81}; for these BIBDs, see [14] . Since (5, 1)-MGDDs of types g 5 and g 6 exist for g = 13, 17, 29, 33 (see [1] ), we can apply Lemma 2.7 to obtain the required result.
We now have enough input designs to look at (5, 2)-MGDDs of type g t for more general values of g. For convenience, we divide these into three cases, according to the mod 10 or mod 20 value of g. 
g
There are two cases to be considered here: (1) g ≡ 3, 7, 9 (mod 10) and (2) g ≡ 2, 4, 8 (mod 10). For a (5, 2)-MGDD of type g t to exist, we require t ≡ 0 or 1 (mod 5) in case (1), and t ≡ 1 or 5 (mod 10) in case (2) . However, for all values of g and v not given as exceptions in Theorem 1.4, an equivalent design, namely a (5, 2)-MGDD of type t g has been given in Section 3.1 and 3.2.
MGDDs of index 4m
Here, there is a straightforward way of constructing nearly all the possible MGDDs. The necessary condition (in addition to g, t 5) for a (5, 4)-MGDD of type g t is that at least one of g, t ≡ 0 or 1 (mod 5).
If g ≡ 0 or 1 (mod 5), there exists a (g, 5, 4m) BIBD for all m. Also, a (5, 1)-MGDD of type t 5 exists for all t 5, t = 6, 10. Hence the result follows from Lemma 2.7 except possibly for types g 6 and g 10 .
If t ≡ 0 or 1 (mod 5), t = 6, 10, we proceed similarly, by reversing the roles of g and t.
Finally we have to handle the cases where both g and t lie in {6, 10}, i.e. types 6 6 , 6 10 and 10 10 .
For type 6 6 , let X = Z 6 × Z 6 , and develop the following blocks (mod (6, 6) ):
For type 6 10 , let X = Z 6 × Z 10 , and develop the following blocks (mod (6, 10) ):
For type 10 10 , let X = Z 90 ∪ (H 10 = {h 0 , h 1 , . . . , h 9 }). Groups are H 10 and {i, i + 9, i + 18, . . . , i + 81} for 0 i 8, while rows are {h j , j, j + 10, j + 20, . . . , j + 80} for 0 j 9. Multiply the first and last blocks below by 1 only, and all other blocks by 1 and −1. Then develop the resulting 18 blocks (mod 90). Also, for 1 t 9, replace h 0 by h t when adding any value ≡ t (mod 10) to a block. Proof. Notice that we only need to handle the case = 6 (i.e. m = 1), since for other , we can combine a design for = 6 with multiple copies of one for = 4. Further, we only need to treat the MGDD types which were exceptions in Theorem 1.4 for = 2. This was done in the previous lemma.
(5, 10m) and (5, 20m)-MGDDs
For = 10m, m odd, the necessary conditions in addition to g, t 5 are that at least one of g, t is odd. Since a (g, 5, 10m) or (t, 5, 10m) BIBD exists whenever g or t is odd, and a (5, 1)-MGDD of type t 5 or g 5 exists for g, t / ∈ {6, 10}, Lemma 2.7 can be applied, except when one of g, t is odd and the other is in {6, 10}. However, when one of g, t is in {6, 10}, the necessary conditions are the same as for all ≡ 2 (mod 4), so these designs were given in the previous section (except for type 10 33 ). For type 10 33 , we can again apply Lemma 2.7 using a (33, 5, 5) BIBD and a (5, 2m)-MGDD of type 10 5 . For = 20m, the only necessary condition for a (5, )-MGDD of type g t is that g, t 5. For any v 5, a (v, 5, 20m) BIBD exists, so unless both g, t lie in {6, 10}, we can again apply Lemma 2.7, using this BIBD for v = t or g and a (5, 1)-MGDD of type g 5 or t 5 . When both of g, t are in {6, 10}, the necessary conditions are the same as for = 4m, so we can instead take five copies of a (5, 4m)-MGDD of the same type.
We therefore have: 
Summary
Combining the results of the last 4 sections, we have now proved Theorem 1.4, that is, the necessary existence conditions for existence of a (5, ) MGDD stated in Theorem 1.1 are sufficient, except for a few cases with = 2. For convenience, we restate these results in the following theorem: These conditions are sufficient when is even and 4. For = 2, they are sufficient except in the cases below, and in the corresponding cases obtained by reversing m and n:
1. 6 n for n = 39 and 10 n for n ∈ {33, 39, 51, 87}; 2. 15 n for n ∈ {14, 18, 22, 24, 28, 32, 34} and 20 n for n = 33.
